Abstract. This paper provides a general approach to the solution of the problem of nonisothermal Stokes flow relative to a heat-conducting particle having the shape of a slightly deformed sphere, taking account of Maxwell's [J. C. Maxwell, Philos. Trans. R. Soc. Lond., 170 (1879), pp. 231-256] thermal creep condition at the surface of the particle. The results, which are of interest in connection with the phenomenon of thermophoresis, have potential applications in aerosol technology, and in the nonisothermal transport and processing of particulate matter. For the specific case of thermally nonconducting particles, the results obtained herein accord with Morrison's [F. A. Morrison, J. Colloid Interface Sci., 34 (1970), pp. 210-214] proof in the comparable electrophoretic case that the phoretic velocity of a nonconducting, force-and torque-free, nonspherical particle undergoing electrophoresis in a fluid that is otherwise at rest is independent of the size, shape and orientation of the particle, and is identical to that of a sphere.
Introduction.
The no-slip boundary condition, conventionally applied to the velocity of a fluid at a solid surface, is known to fail when applied to a gas at its boundary with a nonuniformly heated solid. Under such nonisothermal conditions, the thermal slip (or thermal creep) condition first proposed by Maxwell [16] must instead be used. This boundary condition is given for a gas of Maxwellian molecules [7, 11] by the expression (1) v − U = 3 4 μ ρT (I −nn) · ∇T on the solid boundary, where v, U, T , μ and ρ denote, respectively, the gas velocity, wall velocity, temperature, viscosity and density of the gas, I, the idemfactor, and n the unit normal to the surface. Because Maxwell's derivation of the thermal slip condition assumes the distribution function of the gas molecules in the Knudsen layer to be the same as that in the bulk gas, the 3/4 coefficient is subject to some uncertainty, as was pointed out by Maxwell himself. Note that (1) automatically satisfies the conditionn · (v − U) = 0 that the solid be impermeable to mass flow through its surface.
As discussed by Kogan [11] , in order to find the correct boundary conditions to be imposed on the gas velocity at the solid surface, the Boltzmann equation must be solved both inside the Knudsen layer proximate to the surface as well as in the bulk gas. The subsequent matching of these inner and outer solutions at the outer limit of the Knudsen layer yields the tangential velocity boundary condition to be imposed on the continuum hydrodynamic equations governing the velocity in the bulk gas. The difference between the boundary condition on velocity thereby obtained and the velocity of the wall arises due to thermal slip. Various such derivations of the thermal slip condition are summarized in [12] , with the form of the resulting boundary condition being identical to Maxwell's slip condition, (1) ; however, the numerical coefficient appearing therein, namely, 3/4 in Maxwell's case, is found to depend on the potential of interactions between the molecules of the gas and the solid surface.
It is evident from (1) that the characteristic velocity of gas flow induced by thermal slip scales with the ratio of its kinematic viscosity ν = μ/ρ to the length scale L ≡ ∇ ln T −1 of the externally imposed temperature variation, wherein the modulus bars denote an appropriate norm. Thus, when L is large compared with the characteristic size, say a, of a small particle present in the gas whose surface constitutes the solid boundary, the appropriate Reynolds number Re governing the gas flow scales as a/L 1. As a result, the inertial term ρv · ∇v of the momentum equation proves to be negligible in comparison with the viscous term, μ∇ 2 v. Similarly, the Peclet number Pe = RePr, with the Prandtl number Pr being O(1) for gases [7] , scales as a/L, whence the convective term v · ∇T of the thermal energy equation proves to be negligible in comparison with the conduction term, α∇ 2 T . Although density is a function of temperature, it is readily proved, by making use of the resulting heat conduction equation, in conjunction with the fact that ρT = const for ideal gases when the pressure remains (approximately) constant throughout the gas, that the incompressible continuity equation, ∇ · v = 0, is valid. As a result, the equations governing v are the equations of incompressible Stokes flow, subject to the thermal creep boundary condition. The applicability of Stokes equations satisfying this boundary condition to slow, nonisothermal gas flow is discussed in [9] .
In the presence of temperature gradients, the inclusion of the Burnett thermal stresses [7] alongside the Newtonian viscous stress tensor of the Navier-Stokes equations has also been found necessary [13] . However, as was first deduced by Maxwell, and elaborated in [9] , when the imposed temperature gradient is sufficiently small, such that the inertial and convective terms of the respective momentum and energy equations are negligible in comparison with the viscous and conduction terms appearing therein, the contribution of such thermal stresses to the flow vanishes. In this approximation, these stresses do not contribute to the force or torque acting on the particle immersed in the gas [9] .
The thermophoretic motion of a solid particle in a nonisothermal gas, arising from the thermally-induced slip of the gas at the solid surface, has applications in aerosol technology, as a method of microcontamination control in the semiconductor industry, and in the fabrication of optical fibers. It also has potential applications in microgravity manufacturing processes. All of the above applications are reviewed by Zheng [26] .
The thermophoretic motion of a sphere in a gas, which occurs in the direction opposite to that of the imposed temperature gradient, was first calculated by Epstein [8] based upon Maxwell's thermal creep condition. Subsequent analyses of the problem are summarized by Zheng [26] . Most known solutions of the problem, however, deal only with the motion of spherical particles, whereas many particles encountered in practical applications are irregularly shaped. Existing theoretical studies of the thermophoresis of nonspherical particles are currently available only for axisymmetric flows, wherein the imposed temperature gradient lies parallel to the particle's axis of symmetry [24, 25] . Reference [14] provides a numerical solution for asymmetric thermophoretic flow around a two-sphere aggregate. Given this dearth of information on nonsymmetric thermophoretic particle motions, we were motivated to study a "simple" example of such motion.
The present investigation develops an asymptotic expansion of the equations of Stokes flow satisfying the thermal slip condition at the surface of a heat-conducting, arbitrarily deformed sphere, wherein the deviation from the spherical shape is small, while the imposed temperature gradient is arbitrarily oriented with respect to the particle's geometry. In principle, the asymptotic solution may be obtained correct to any order in the perturbation parameter, which measures the deviation from the spherical shape, for arbitrarily deformed particles. We here provide the explicit solution, correct to the first order, for the specific case of an ellipsoidal particle. For the special case of a force-and torque-free, thermally insulated (i.e., nonconducting) particle, it is found that the thermophoretic velocity of the particle reduces to that of a sphere moving under the same temperature gradient in a gas otherwise at rest. This result accords with the related findings of Morrison [18] , namely that the phoretic velocity of an insulated particle is independent of its shape and orientation, as well as of its size. (Morrison's proof, though offered in the context of electrophoresis, is equally applicable to the thermophoretic case, provided that the particle is nonconducting, i.e., thermally insulated in the latter case.)
While the specific problem considered here is that of flow of gas around a deformed, conducting sphere under nonisothermal conditions, the results are also generally applicable to other situations for which the fluid is known to slip at the surface of the solid. Such slip conditions have been proposed in order to explain the thermallyinduced motion of particles in liquids [21, 22, 23] , using an approach analogous to the treatment of phoretic motion in liquids [1] . With the use of an appropriate slip coefficient, the results of the present paper may thus be applied to thermophoretic motion in liquids.
Furthermore, our results are applicable to other sources of slip occurring at solid surfaces, such as electrokinetic slip at an insulated surface, wherein the electric potential of the electrolytic liquid is governed by equations mathematically identical in form to those governing the temperature field in the present nonisothermal situation. In such circumstances, the liquid's electrokinetic slip velocity at the particle surface is proportional to the gradient of the electric potential, analogous to the corresponding thermal slip condition, (1).
The detailed solution for the case of isothermal Stokes flow around a slightly deformed sphere (subject to no slip at its surface) was presented by Brenner and his collaborators [3, 4, 10, 20] . That solution is here extended to allow for slip at the surface of the deformed sphere arising from temperature inhomogeneities in the fluid.
Problem formulation.
Consider the incompressible Stokes flow around a slightly deformed sphere moving without rotation at a velocity of U through a fluid across which an otherwise uniform temperature gradient, here denoted by the spacefixed constant vector G, has been imposed under undisturbed flow conditions, i.e., in the absence of the particle. It is assumed that the surface of the particle, S p , is described geometrically in invariant form by the equation
where A n is an O(1) body-fixed polyadic of rank n describing the shape of the deformed body. The nth-rank polyadics
are the polyadic surface harmonics of order n [4, 20] , whose argumentr is the spacefixed unit position vector,r = r/r, while 1 is a small, dimensionless quantity, inseparable from the term n A n n P n (r) describing the deformation of the surface. The r = |r| radial coordinate is measured from an origin situated at the center of the undeformed sphere of radius a. Since the surface spherical harmonics constitute a complete set of orthonormal polynomials in the surface coordinates (θ, φ), any function thereof, say f (r), may be expanded in invariant form in terms of the polyadics P n (r), analogous to the well-known scalar spherical harmonic expansion of an arbitrary function f (θ, φ) [15] ; hence, (2) is the general equation characterizing the surface of any arbitrarily shaped body whose deviation from a spherical shape is small. The symbol n refers to n successive dot-product contraction operations performed in the order prescribed by the nesting convention of [4] , wherein the n indices of the corresponding polyadics are contracted sequentially, beginning with the innermost indices. It follows that A n n P n (r) = P n (r) n A n , whence the surface S p may also be equivalently described by the alternate expression
wherein we have here invoked the summation convention, which will be used throughout, with the repeated index n implying a sum over that index.
The unit normal to S p is given by the expressionn = ∇f/ |∇f |, with f defined by the relation f (r) = r − a 1 + P n n A n + O( 2 ) = 0. Together with the use of the gradient operator in invariant spherical coordinates,
one thus obtains
r is the surface gradient operator. In deriving the latter, we have used the identitiesrr ·∇ = 0 and (I −rr) ·∇ =∇, arising from the orthonormality of the coordinate axes. The equations of Stokes flow, describing the flow around the deformed sphere, are
where p denotes the pressure. The boundary conditions imposed upon the fluid's velocity require that the latter approach the particle-free, undisturbed fluid motion at infinity, (8) v → 0 as r → ∞, and that the thermal slip condition on S p , (1), satisfy
where T s denotes the temperature within the solid (with T s = T on S p ), and C s is the thermal slip coefficient, which in the case of gases takes the value 3/4 (μ/ρT ), according to Maxwell. In that case, C s is a constant, owing to the inverse relationship existing between ρ and T from the ideal gas law, with the transport coefficient μ assumed constant, at least for small temperature gradients. For liquids, Semenov [23] has provided a formula whereby C s can be calculated from the properties of the liquid and the solid particle. Values of C s for the thermophoretic motion of silica particles in several solvents are found to be of the order of 10 [23] . Values of similar order of magnitude for various particle-liquid systems have been found in the experimental study of [19] . Thermal creep in liquids has also been proposed to exist in [2] , where C s is given by the product of the liquid's coefficient of thermal expansion and its thermometric diffusivity.
Since the boundary condition on velocity, namely (9), may be expressed as the sum of the particle velocity U and the thermal slip velocity C s (I −nn) · ∇T s , we will restrict ourselves, initially, to solving for the flow caused by thermal slip alone. Later, the flow arising from the motion U of the particle will be linearly superposed.
The temperature fields within the fluid and the solid are governed by the respective equations
subject to the joint boundary conditions
on S p , where γ denotes the ratio k s /k of the thermal conductivity of the solid, k s , to that of the fluid, k. In addition, we have the further conditions that the temperature within the particle remains finite at r = 0, while that within the fluid at infinity is given by the expression (13) T (r → ∞) = const + G · r.
The constant appearing in (13) is physically irrelevant, whence we may set it to zero. Perturbation solutions will now be developed for the flow and temperature fields in terms of the perturbation parameter, .
Temperature fields.
Define vector temperature fields in the fluid and the solid, T and T s , respectively, through the relations
Since the scalar temperature fields satisfy Laplace's equation, and whereas the gradient at infinity, G, is an arbitrary constant, it follows from (10)-(12) that the vector temperature fields satisfy the respective equations
subject to the boundary conditions
on the surface S p of the deformed sphere. We expand the vector temperature fields in powers of ,
The temperature fields inside and outside of the particle at various perturbation orders, subject to the boundary conditions on S p given by (16) and (17), may be obtained from the solution of a sequence of problems satisfying appropriate boundary conditions on the surface of the undeformed sphere. These latter boundary conditions, to be imposed on the sphere surface, are obtained by a Taylor series expansion of (16) and (17) about r = a. Thus, expansion of (16) while making use of (2) furnishes the following conditions to be imposed at r = a on the O(1) and O( ) vector temperature fields:
Similarly, upon expanding ∇T| Sp and ∇T s | Sp in Taylor series about r = a and making use of (5), it follows from (17) that
The leading-order, undeformed sphere problem is described by the set of equations
subject to boundary conditions (19) and (21) . Accordingly, the leading-order vector temperature fields are readily found to be
Upon applying the gradient operator, given by (4), to (24) , and noting that (∂r/∂r) r = I −rr, we obtain
Making use of (25) furnishes the following O( ) boundary conditions from (20) and (22): (26) T
[wherein we have substituted P 1 (r) forr], and
The O( ) vector temperature fields are governed by the equations
subject to the boundary conditions given by (26) and (27). Since it is convenient to expand T (1) and T (1) s as linear combinations of solid harmonics, these boundary conditions must be expressed as linear combinations of the polyadic surface harmonics.
Flow field.
Next, expand the velocity and pressure fields as perturbation expansions in :
At each order, the perturbation fields v (i) and p (i) obey the Stokes equations,
The thermal slip boundary condition on the surface S p of a stationary particle is, upon setting U = 0 in (9),
In addition, the velocity fields at all orders vanish at infinity. Expansion of the velocity at the surface S p of the deformed sphere in a Taylor series about r = a gives
A similar expansion of the temperature gradient ∇T s on S p about r = a yields
Substitution of (5), (33) and (34) 
The leading-order velocity field, which vanishes at infinity and is subject to the thermal slip condition, given by (35) taken in conjunction with the leading-order temperature gradient on S p from (25), corresponds to the flow around an undeformed sphere. It is found, using the method of [5] , to be
Equations (25) and (37) in combination with (36) yield
We have now obtained the governing equations and concomitant boundary conditions for the O( ) temperature and velocity problems. However, the completely general solution of these problems, requiring use of general recurrence relations relating the various polyadic surface harmonics and their gradients, is extremely complicated algebraically. Accordingly, in lieu of attempting a completely general calculation, we instead provide the solution only for the specific case of a general triaxial ellipsoid by way of illustrating the general scheme.
Nonisothermal flow around an ellipsoid.
Consider the ellipsoid, (39)
where (x 1 , x 2 , x 3 ) are Cartesian coordinates fixed in the ellipsoid, with the coordinate axes pointing along the principal axes of the ellipsoid, and with (a 1 , a 2 , a 3 ) the semi-lengths of these axes. Oblate and prolate spheroids, for which two of the three principal axes are equal, are obtained as special cases of the ellipsoid, while a circular disk and a needle-shaped object may be approximated by an oblate and a prolate spheroid, respectively, one of whose semi-axes shrinks to zero. In invariant form, the equation of the ellipsoid may be expressed as [6] (40)
where D is the body-fixed dyadic
, in which (i 1 , i 2 , i 3 ) are body-fixed Cartesian unit vectors directed along the principal axes of the ellipsoid. Consider the case where the ellipsoid is a slightly deformed sphere, with the semi-lengths of the principal axes given by a 1 = a(1 + α 1 ), a 2 = a(1 + α 2 ) and a 3 = a(1 + α 3 ), where 1. Since
where B is the body-fixed dyadic
For a given ellipsoid, whose volume is V = 4πa 1 a 2 a 3 /3, it is convenient to choose the radius a of the sphere such that its volume, 4πa
3 /3, is equal to that of the ellipsoid; that is, a 3 = a 1 a 2 a 3 . Since a i = a(1 + α i ), this requires that α 1 + α 2 + α 3 = 0, i.e., I : B = 0, or, alternatively, 
B is diagonal, and, hence, symmetric in the body-fixed coordinate system. As a result, it is symmetric in any basis. The detailed derivation of the O( ) temperature fields outside and within the ellipsoid is presented in Appendix A. The resulting solutions are 
The O( ) boundary condition on velocity, (38), thus reduces to
The force on the ellipsoid can be obtained without solving the detailed boundary value problem by making use of the following expression for the force on a body of arbitrary shape [4] :
where the integration is to be carried out over the surface of a unit sphere, S 1 , and wherein dΩ = d 2r is a differential element of solid angle. The analogous expression for the torque on the body about the origin is [4] :
where ε = −I × I is the alternating unit triadic. Following [10] , we introduce the translational hydrodynamic resistance dyadic K via the expression
Expansion of F and K in powers of gives, for the leading-order terms,
in which we have used the identity S1 (I −rr) dΩ = 8πI/3. Similarly, for the firstorder terms, we find that (54)
where
Details pertaining to the calculation of K (1) are given in Appendix B, with the result being
We have now obtained the force acting on the stationary ellipsoid due to the thermal creep-induced flow. When the ellipsoid moves through the fluid at a velocity of U, the preceding solution is superposed on the additional Stokes flow (v , p ) satisfying the boundary conditions
Analogous to (35) and (48), we require that
The leading-order velocity field v (0) in invariant form is given by the expression [5, 10] (59)
which, in combination with (58), yields
At leading order, the force on the ellipsoid is given by Stokes' law, F (0) = −6πμaU, whereas at O( ), we obtain (61)
Equation (62) is in exact agreement with the corresponding result of [4] satisfying (57), wherein the surface of the deformed sphere was expressed as an expansion in scalar spherical harmonics.
The net force on the ellipsoid is obtained from the superposition of the force acting on a stationary ellipsoid under an externally imposed temperature gradient together with the force acting on an ellipsoid translating at a velocity of U under isothermal conditions:
It can be seen from (35) and (48) that the torque T acting on the ellipsoid about its center, given by (50), vanishes. Under isothermal conditions, the centroid of the ellipsoid is a center of hydrodynamic stress. The existence of such a center for a nonskew body such as an ellipsoid implies that no torque acts about its centroid as the ellipsoid translates without slip [10] .
Accordingly, the force-and torque-free ellipsoid will move, without rotation, under the influence of the externally imposed temperature gradient G at a velocity
and
In view of the identity
, valid for any dyadic C, this makes
This constitutes the principal result of our ellipsoid calculation. In the special case where the ellipsoid is nonconducting, γ = 0, whereupon the above reduces simply to
As such, to at least terms of first order in the deformation, the ellipsoid's thermophoretic velocity is independent of its shape, size and orientation, and hence is identical to that of a sphere. While we have formally demonstrated the latter result only to the first order, according to Morrison's theory this nonconducting result should hold to all orders in the ellipsoid deformation .
6. Discussion. We have developed an asymptotic solution of flow around a heat-conducting, slightly deformed sphere under an imposed temperature gradient, wherein the fluid slips at the surface of the deformed sphere. Although we have provided an explicit solution only for the case wherein the deformed sphere is an ellipsoid, to first order in the perturbation scheme, the technique may be readily applied to arbitrarily deformed bodies whose deviation from a spherical shape is small. In principle, the perturbation solution can be carried out to any order. For the specific case of nonconducting particles, we confirm Morrison's generic deduction [18] that the phoretic velocity of a particle is independent of its size, shape and orientation.
Appendix A. We here solve in detail the O( ) temperature problem for the flow around the ellipsoid. From (26) and (27), the boundary conditions for the O( ) temperature problem appropriate to this geometry reduce to
Since P 1 (r) =r and P 2 (r) = (3rr − I) /2, we obtain (A3)
which, in combination with the expression [4] (A4)rrr = 2 5
where the transposition symbol † entails the interchange of the two indices immediately preceding or succeeding it, according as it follows or precedes the argument to which it is affixed. Therefore, upon making use of (A4), we obtain (A7)∇P 2 = .
(A9)
Owing to the symmetry of B, the boundary conditions, (A8) and (A9), may be rewritten in the forms .
Upon expanding T (1) and T (1) s in solid harmonics and imposing the boundary conditions, (A10) and (A11), in conjunction with the vanishing of T (1) at infinity and the finiteness of T (1) s at r = 0, we eventually obtain the respective expressions given in (46) and (47).
Appendix B.
Here, we present the detailed computation of K (1) , which is given by (55). Since P 0 = 1, andrr = 2P 2 /3 + I/3, it follows that (B1) S1 P 2 (I − 2rr) dΩ = − 4 3 S1 P 2 P 2 dΩ, where we have used the orthogonality of the polyadics P n . We make use of (A7) to write S1r∇ P 2 dΩ = 9 10 S1 P 1 IP 1 dΩ + 9 10 S1 P 1 (IP 1 ) † dΩ − 6 5 S1 P 1 P 3 dΩ − 3 5 S1 P 1 P 1 dΩI. (B2)
We know that S1 P 1 P 1 dΩ = 4πI/3, and S1 P 1 P 3 dΩ = 0. Reverting to Cartesian tensor notation in order to calculate the remaining integrals in (B1) and (B2) yields (B3) S1 (P 2 P 2 ) ijkl dΩ = π 5 (−2δ ij δ kl + 3δ ik δ jl + 3δ il δ jk ) , Finally,
S1
(I −rr) dΩ = 8π 3 I.
In invariant notation, we finally obtain, upon substitution of (B1), (B3), (B6), (B8) and (B9) in (55), the result for K (1) given in (56).
